AUTOMORPHISMS OF THE TORELLI COMPLEX FOR THE 
ONE-HOLED GENUS TWO SURFACE 
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Abstract. Let S be a connected, compact and orientable surface of genus 
two with one boundary component. We study automorphisms of the Torelli 
complex for S and describe any isomorphism between finite index subgroups 
of the Torelli group for S. More generally, we study superinjective maps from 
the Torelli complex for S into itself and show that any finite index subgroup 
of the Torelli group for S is co-Hopfian. 



1. Introduction 

Let S = S 3jP be a connected, compact and orientable surface of genus g with p 
boundary components. The extended mapping class group Mod*(S*) of S is defined 
to be the group of isotopy classes of homeomorphisms from S onto itself, where 
isotopy may move points of the boundary of S. When p < 1, the Torelli group X{S) 
of S is defined to be the subgroup of Mod*(S) consisting of all elements acting on 
the homology group H\ (S, Z) trivially. As a consequence of [3] , [4] , [5] and [12] , if 
g > 3 and p < 1, then any isomorphism between finite index subgroups of I(S) is 
the conjugation by an element of Mod* (5). One purpose of this paper is to obtain 
the same conclusion when g — 2 and p = 1. A key step in the proof of these 
results is to describe any automorphism of the Torelli complex T(S) of S, which is 
a simplicial complex on which Mod*(S') naturally acts. The Torelli complex (with 
a certain marking) of a closed surface was first introduced by Farb-Ivanov [5] to 
attack the same problem on the Torelli group. The computation of automorphisms 
of T(S) in our case is more delicate than that in the other cases. One difficulty 
stems from lowness of the dimension of T(5 , 2,i). In fact, T(S2.i) is of dimension 1, 
and if S is a surface dealt with in the cited references, then T(S) is of dimension 
at least 2. Details are discussed in Remark [T~4l 

Let us introduce terminology and notation to define the Torelli complex. A 
simple closed curve in S is said to be essential in S if it is neither homotopic to a 
single point of S nor isotopic to a boundary component of S. Let V(S) denote the 
set of isotopy classes of essential simple closed curves in S. For a, (3 € V(S), we 
define i(a,/3) to be the geometric intersection number of a and j3, i.e., the minimal 
cardinality of A n B among representatives A and B of a and j3, respectively. Let 
S(S') denote the set of non-empty finite subsets a of V(S) with i(a, (3) = for any 
a, (3 e a. We extend i to the symmetric function on the square of V(S) U 
with i(a,a) = E/je^ ^) and K^) = Z^e^er KP> 7) for any a G V(S) and 
a,r £ £(£)• 
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An essential simple closed curve a in S is said to be separating in S if S \ a is not 
connected. Otherwise, a is said to be non- separating in S. These properties depend 
only on the isotopy class of a. Let V S (S) denote the subset of V(S) consisting of all 
elements whose representatives are separating in S. We mean by a bounding pair 
(BP) in S a pair of essential simple closed curves in S, {a, b}, such that 

• a and b are disjoint and non-isotopic; 

• each of a and b is non-separating in S; and 

• the surface obtained by cutting S along a U b is not connected. 

These conditions depend only on the isotopy classes of a and b. Let Vb p (S) denote 
the subset of consisting of all elements that correspond to a BP in S. 

Definition 1.1. The Torelli complexT(S) of S is defined as the abstract simplicial 
complex so that the set of vertices of T(S) is the disjoint union V s (S)UVb p (S), and 
a non-empty finite subset a of V S (S) U Vb p (S) is a simplex of T(S) if and only if we 
have i(a, ft) = for any a,j3 6 a. 

For a € F(S'), let t a 6 Mod*(S) denote the (7e/t,) De/m iwisi about a. We note 
that if p< 1, then the Torelli group X(5) contains i a and tpt~ x for any a G V S (S) 
and any {/?, 7} £ V~b p (S), and is generated by all elements of these forms as discussed 
in [10] . This fact is a motivation for introducing the Torelli complex. 

In this paper, we study not only automorphisms of T(5 f 2,i) but also simplicial 
maps from T(<S , 2,i) into itself satisfying strong injectivity, called superinjectivity. 
We mean by a superinjective map from T(S) into itself a simplicial map 4> : T~(S) — > 
T{S) satisfying i{<j){a), (f>((3)) ^ for any two vertices a, (3 of T(S) with i(a, f3) ^ 0. 
Any superinjective map from T(S) into itself is shown to be injective (see Section 
2.2 in [12j). Superinjectivity was first introduced by Irmak [5] for simplicial maps 
between the complexes of curves to study injective homomorphisms from a finite 
index subgroup of Mod* (S) into Mod* (S). Our main result is the following: 

Theorem 1.2. We set S — 82,1- Then the following assertions hold: 

(i) Any superinjective map from T(S) into itself is induced by an element of 
Mod* (S). 

(ii) IfT is a finite index subgroup of X{S) and if f : T — > T(S) is an injective 
homomorphism, then there exists a unique element 70 o/Mod*(S') with 
f{l) = lollo 1 f° r any 7 e T. 

The process to derive assertion (ii) from assertion (i) is already discussed in 
Section 6.3 of [H]. We thus omit the proof of assertion (ii) 

We say that a group T is co-Hopfian if any injective homomorphism from T into 
itself is surjective. Assertion (ii) implies that any finite index subgroup of 1(52,1) 
is co-Hopfian. 

Remark 1.3. Farb-Ivanov [5] announce the computation of automorphisms of the 
Torelli geometry for a closed surface, which is the Torelli complex with a certain 
marking. As its consequence, they also announce the result that if S — S g fl is a 
surface with g > 5, then any isomorphism between finite index subgroups of T(S) 
is induced by an element of Mod*(S'). McCarthy- Vautaw [TB] compute automor- 
phisms of 1{S) for S — Sgfi with g > 3. Brendle-Margalit [3], [1] show that any 
automorphism of T(S) and any isomorphism between finite index subgroups of 
X{S) are induced by an element of Mod*(S') when S — S 3i o with g > 3. The same 
conclusion for S = S giP with either g = 1 and p > 3; g = 2 and p > 2; or g > 3 and 
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p > as Theorem 11.21 is obtained in [13] that is based on [12] , where the Torclli 
group 1(S) is defined as the subgroup of Mod* (S) generated by all elements of the 
forms t a with a G V S (S) and tpt~ with {/3,j} G Vb p (S). 

If S = 5*2,0: then T(S) is zero-dimensional and consists of countably infinitely 
many vertices. Moreover, I(S) is known to be isomorphic to the non-abelian free 
group of infinite rank, due to Mess [17] (see [T] for another proof). It thus turns out 
that automorphisms of T(S) and 1(5) are not necessarily induced by an element 
of Mod* (5). 

If S = 5*2,1, then 7~(5) is one-dimensional and connected. The latter is proved 
by using the technique in Lemma 2.1 of [19] to obtain connectivity of a simplicial 
complex on which Mod* (5) acts. It also follows from Lemma T6. 31 

Remark 1.4. In [12], when either g = 1 and p > 3; g — 2 and p > 2; or g > 3 
and p > 0, the first author observes simplices of 7~(5) of maximal dimension and 
the links of simplices in 7~(5) to prove that any superinjective map from T{S) into 
itself preserves V S (S) and Vb p (S), respectively. On the other hand, when g = 2 and 
p = 1, this fact does not immediately follow from only observations on simplices 
and their links because T(S) is one-dimensional. This makes our case more delicate 
than the other cases. 

We define C S (S) as the full subcomplex of T(5) spanned by V S (S) and call it 
the complex of separating curves for 5. This complex brings another difference 
between our case and the other cases. In [3], [4] and [12], automorphisms of T(5) 
are described by showing that any automorphism of C s (5) is induced by an element 
of Mod* (5). On the other hand, C s (S2,i) consists of countably infinitely many 
Ho-regular trees, and thus has continuously many automorphisms. This is a direct 
consequence of Theorem 7.1 in [11] (see also Theorem 13.21) . 

The paper is organized as follows. In Section[2l we collect terminology employed 
throughout the paper. We recall the complex of curves for 5, ideal triangulations 
of punctured surfaces considered by Mosher [IS] and basic results on them. Setting 
S = 52,i, through Sections HHU we observe hexagons in T(5), or equivalently, 
simple cycles in T(5) of length 6. In Section [7] applying results in those sections, 
we show that any superinjective map <f> from T{S) into itself preserves V S (S) and 
Vbp(S), respectively, and is surjective. We construct an automorphism $ of the 
complex of curves for 5 inducing </>. It is known that $ is induced by an element 
of Mod* (5), due to Ivanov [9] (see Theorem |2~T]) . Theorem M~2l (i) then follows. 
In Appendix, we prove that there exists no simple cycle in T(S) of length at most 
5. Hexagons in T(5) are thus simple cycles in 7~(5) of minimal length. This is a 
notable property of T(5) although we do not use it to prove Theorem [L2] (i). 

2. Preliminaries 

2.1. Terminology. Let 5 be a connected, compact and orientable surface. Unless 
otherwise stated, we assume that a surface satisfies these conditions. Let us denote 
by Mod(5) the mapping class group of 5, i.e., the subgroup of Mod* (5) consisting 
of isotopy classes of orientation-preserving homeomorphisms from 5 onto itself. We 
define PMod(5) as the pure mapping class group of 5, i.e., the subgroup of Mod* (5) 
consisting of isotopy classes of homeomorphisms from 5 onto itself preserving an 
orientation of S and preserving each boundary component of 5 as a set. 

We mean by a curve in 5 either an essential simple closed curve in 5 or its 
isotopy class if there is no confusion. A surface homeomorphic to 5i,i is called 
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a handle. A surface homeomorphic to So, 3 is called a pair of pants. Let a be a 
separating curve in S. If a cuts off a handle from S, then a is called an h-curve in 
S. If a cuts off a pair of pants from S, then a is called a p-curve in 5*. We call an 
element of V s (S) corresponding to an h-curve and a p-curve in S an h-vertex and a 
p-vertex, respectively, and call an element of Vb P (S) a BP-vertex. 

Suppose that dS, the boundary of S, is non-empty. Let I be the closed unit in- 
terval. We mean by an essential simple arc in S the image of an injective continuous 
map / : I — > S such that 

. we have f{dl) C dS and /(/ \8I)cS\ dS; and 

• there exists no closed disk D embedded in S and whose boundary is the 
union of /(/) and an arc in dS. 
The boundary of an essential simple arc / is denoted by dl. Let V a (S) denote the 
set of isotopy classes of essential simple arcs in S, where isotopy may move the end 
points of arcs, keeping them staying in dS. We often identify an element of V a (S) 
with its representative if there is no confusion. 

An essential simple arc Hn S is said to be separating in S if the surface obtained 
by cutting S along / is not connected. Otherwise, I is said to be non-separating in 
S. These properties depend only on the isotopy class of /. 

For a G £(<?), we mean by a representative of a the union of mutually disjoint 
representatives of elements in a. Given two elements a, j3 € V(S) U T,(S) and their 
representatives A, B, respectively, we say that A and B intersect minimally if we 
have \A PI B\ = i(a, fi). For a, (i <E V(S) U E(S'), we say that a and (3 are disjoint 
if i(a, (3) — 0. Otherwise, we say that a and /3 intersect. For an element a of V(S) 
(or its representative), we denote by S a the surface obtained by cutting S along 
a. Similarly, for an element a of E(S') (or its representative), we denote by S a 
the surface obtained by cutting S along all curves in a. Each component of S a is 
often identified with a complementary component in S of a tubular neighborhood 
of a one-dimensional submanifold representing a if there is no confusion. For each 
component Q of S a , the set V(Q) is naturally identified with a subset of V(S). 

2.2. The complex of curves. In the proof of Theorem II. 21 (i), we use a result on 
automorphisms of the complex of curves. The complex of curves for a surface S, 
denoted by C(S), is defined as the abstract simplicial complex so that the sets of 
vertices and simplices of C(S) are V(S) and £(£), respectively. 

Theorem 2.1 ([9] Theorem 1]). If S = S g . p is a surface with g > 2 and p > 0, 
then any automorphism ofC(S) is induced by an element of Mod* (S). 

We refer to [14] and [15] for similar results for other surfaces. Theorem 11.21 (i) 
is obtained by showing that when S = 82,1, for any superinjective map </>: T(S) — > 
T(S'), there exists an automorphism $ of C(S) inducing </>, that is, satisfying the 
equalities 

$(a) = 0(a) and {<f(/3), $(7)} = 0({/3, 7}) 
for any a <E V„(S) and any {^,7} G V bp (S). 

We note that the complex of separating curves for S, defined in Remark ll.4l and 
denoted by C S (S), is the full subcomplex of C(S) spanned by V S (S). 

2.3. Ideal triangulations of a punctured surface. We recall basic properties 
of ideal triangulations of a punctured surface discussed by Mosher [18], which will 
be used only in the proof of Lemma 171)1 Let S be a closed surface of positive genus 
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<?, and let P be a non-empty finite subset of 5. The pair (5, P) is then called a 
punctured surface. Let I be the closed unit interval. We mean by an ideal arc in 
(5, P) is the image of a continuous map f:I—^S such that 

• we have f(8J) C P and /(/ \8I)cS\P; 

• / is injective on / \ dl; and 

• there exists no closed disk D embedded in S with dD = f(T) and (D \ 
dD)C\P = 0. 

Two ideal arcs li, l 2 in (5, P) are said to be isotopic if we have l\ (1 P = Z 2 H P; and 
Zi and Z2 are isotopic relative to l\ n P as arcs in (5 \ P) U (Zi R P). We mean by 
an ideaZ triangulation of (5, P) is a cell division (5 of 5 such that 

(a) the set of 0-cells of 5 is P; 

(b) each 1-cell of 5 is an ideal arc in (5, P); and 

(c) each 2-cell of d is a triangle, that is, it is obtained by attaching a Euclidean 
triangle r to the 1-skeleton of S, mapping each vertex of r to a 0-cell of 5, 
and each edge of r to a 1-cell of 5. 

The following properties are noticed in p. 14 of [18j . 
Lemma 2.2. The following assertions hold: 

(i) Any cell division of S satisfying conditions (a) and (c) in the definition of 
an ideal triangulation necessarily satisfies condition (b). 

(ii) Let 8 be an ideal triangulation o/(5, P). Then any two distinct 1-cells of 
5 are not isotopic. 

Let R be a surface of genus g with |P| boundary components. Suppose that 5 is 
obtained from R by shrinking each component of dR into a point and that P is the 
set of points into which components of dR are shrunken. We note that the natural 
map from R onto 5 induces the bijection from V a (R) onto the set of isotopy classes 
of ideal arcs in (5, P). 

3. Non-existence of some hexagons 

Let Q be a simplicial complex. We mean by a hexagon in Q the full subcomplex 
of Q spanned by six vertices v±, . . . , Ug such that for any j mod 6, Vj and Vj+i are 
adjacent; Vj and Vj +2 are not adjacent; and Vj and ^+3 are not adjacent. In this 
case, we say that the hexagon is defined by the 6-tuple (v±, . . . , Vq). 

Throughout this section, we set S = 52, 1. Examples of hexagons in T(5) are 
described in Sections [4]-[6] In this section, we show that there exists no hexagon 
in 7~(5) containing at most one BP-vertex. Note that any separating curve in 5 is 
an h-curvc in 5 and that each edge of T(5) consists of either two h-vertices or an 
h-vertex and a BP-vertex. It follows that the number of BP-vertices of a hexagon 
in T(5) is at most 3. 

Lemma 3.1. There exists no hexagon in T(S) consisting of only h-vertices. 

To prove this lemma, we use the following: 

Theorem 3.2 f [lll Theorem 7.1]). Let 5 = 52, 1 be a surface, and let S denote the 
closed surface obtained from S by attaching a disk to the boundary of 5. We define 

it: C(S)-*C(S) 

as the simplicial map associated to the inclusion of 5 into S. Then for any vertex 
a ofC(S), the full subcomplex of C(S) spanned by ir~ 1 (a) is a tree. 
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Figure 1. The 6-tuple (a,bi,c,d,e, /1) of the curves described 
above defines a hexagon in C s (Si t 3). Let S — S2.1 be a surface, and 
let a be a non-separating curve in S. If S a is described as above 
so that d\ and 83 correspond to a and 82 corresponds to 8S, then 
the 6-tuple (a, 6, c, d, e, /) with b = {a, 61} and / = {a, /1} defines 
a hexagon in T(S) of type 1. 

Proof of Lemma fOl We note that 7r sends two adjacent h- vertices of C(S) to the 
same vertex. If there were a hexagon II in T(S) consisting of only h- vertices, then 
7r would send II to a single vertex. This contradicts Theorem 13.21 □ 

Lemma 3.3. There exists no hexagon in T(S) containing exactly one BP-vertex. 

Proof. Suppose that there exists such a hexagon II in T{S). Let (a, b, c, d, e, /) be 
a 6-tuple defining II with a a BP-vertex. We then have the equality 77(b) = tt(c) = 
Tr(d) = 7r(e) = 7r(/). The curves b and / are in the component of S a that does not 
contain 8S. The equality n(b) — n(f) thus implies the equality b — f. This is a 
contradiction. □ 



Throughout this section, we set S = S'2,1. We say that a hexagon in T(S) is 
of type 1 if it is defined by a 6-tuple {v\, ...,Ve) such that v\, V3, t>4 and v§ are 
h- vertices and i>2 and vq are BP- vertices. To construct such a hexagon in T(S), we 
recall a hexagon in C a (Si t 3) (see Figure [1]). A fundamental property of hexagons in 
Cs(<Si,3) is the following: 

Theorem 4.1 ([321 Theorem 5.2]). We set X — S1.3. Then any two hexagons in 
C S (X) are sent to each other by an element o/PMod(X). 

We now present a hexagon in T(S) of type 1. Let a be a non-separating curve 
in S. Note that S a is homeomorphic to Si. 3. We define a simplicial map 



as follows. Pick (i e V s (S a ). If the two boundary components of S a corresponding 
to a are contained in distinct components of S[ a n, then we have {«,/?} G Vb p (S) 
and set X a (P) = {a,/3}. Otherwise, we have j3 G V S (S) and set \ a ((3) — (3. Note 
that A Q is superinjective, that is, for any 7, S G V s (S a ), we have i(X a ('j), X a (5)) = 
if and only if 1(7, 5) = 0. Sending a hexagon in C s (S a ) through A Q , we obtain a 
hexagon in T(S) of type 1 as precisely described in Figure [TJ 



4. Hexagons of type 1 



X a : C s {S a ) ^T(S) 
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The following theorem says that any hexagon in T(S) of type 1 can be obtained 
through the above process. 

Theorem 4.2. The following assertions hold: 

(i) For any hexagon H in T(S) of type 1, there exist a non- separating curve 
a in S and a hexagon n in C s (S a ) with A Q (n ) = II. 

(ii) Any two hexagons in T{S) of type 1 are sent to each other by an element 
ofMod(S). 

Proof. Assertion (ii) follows from assertion (i) and Theorem 14. II To prove assertion 
(i), we pick a hexagon II in T(S) of type 1. Let (a, b, c, d, e, /) be a 6-tuple defin- 
ing II with b and / BP-vertices. We choose representatives A,...,F of a, . . . , f, 
respectively, such that any two of them intersect minimally. 

Let R denote the component of Sc that is not a handle. Since B is a BP in R 
and is disjoint from A, the intersection AnR consists of mutually isotopic, essential 
simple arcs in R which are non-separating in R. Since D is an h-curve in R and 
is disjoint from E, the intersection E n R consists of mutually isotopic, essential 
simple arcs in R which are separating in R. Let l\ be a component of AnR, and let 
I2 be a component of E n R. If l\ and I2 could not be disjoint after isotopy which 
may move the end points of arcs, keeping them staying in OR, then the union of a 
subarc of l\ and a subarc of I2 would be a simple closed curve isotopic to dS. This 
is a contradiction because no simple closed curve in the component of Sf that is 
not a pair of pants is isotopic to dS as a curve in S. It thus turns out that l\ and 
I2 can be disjoint after isotopy. Note that B consists of two boundary components 
of a regular neighborhood of l\ U C in R and that D is a boundary component of a 
regular neighborhood of I2 U C in R. It follows that exactly one component of B is 
contained in the handle Q cut off by D from S. We denote by a the isotopy class 
of that component of B. 

Similarly, considering the component of Se that is not a handle, instead of that 
of Sc, we can show that exactly one component of F is contained in Q. Let /3 
denote the isotopy class of that component of F. Since B and F are disjoint from 
AnQ, which consists of essential simple arcs in the handle Q, we have a = j3. We 
define two curves 61, f\ so that b — {a,b{\ and / = {a, /1}. Any of a, c and e 
is disjoint from a because any of them is disjoint from b or /. The h-curve d is 
also disjoint from a since a is the isotopy class of a curve in Q. The map A Q sends 
the hexagon in C s (S a ) defined by the 6-tuple (a, b\, c, d, e, f\) to II. Assertion (i) is 
proved. □ 

Let Q be a simplicial graph and n a positive integer. We mean by an n-path in Q 
a subgraph of Q obtained as the image of a simple path in Q of length n starting and 
terminating at vertices of Q. In the rest of this section, we observe two hexagons 
in T{S) of type 1 sharing a 3-path. 

Lemma 4.3. If II and Q are hexagons in T{S) of type 1 such that II D ft contains 
a 3-path, then we have II = O. 

To prove this lemma, we make the following observation on hexagons in C s (Si t 3). 

Lemma 4.4. We set X = $1,3. Let H be a hexagon in C S (X). Then for any 3-path 
L in H, H is the only hexagon in C S {X) containing L. 

Before proving this lemma, we introduce terminology. Let Y — S 9:P be a surface 
with p > 2. For an essential simple arc I in Y and two distinct components d\, 82 
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of dY, we say that I connects 8\ and 82 if one of the end points of I lies in 8\ and 
another in 82- 

Suppose either g > 1 and p > 2 or g = and p > 5. There is a one-to-one 
correspondence between elements of V S (Y) whose representatives are p-curves in Y 
and elements of V a (Y) whose representatives connect two distinct components of 
dY. More specifically, for any p-curve a in Y , we have an essential simple arc in 
Y contained in the pair of pants cut off by a from Y and connecting two distinct 
components of dY, which uniquely exists up to isotopy. Conversely, for any essential 
simple arc I in Y connecting two distinct components d\, 82 of dY, we have the 
p-curve in Y that is a boundary component of a regular neighborhood of / U 8\ U 82 
in Y. 

Proof of Lemma \4-4\ Let (a, b, c, d, e, f) be a 6-tuple defining H such that a, c and 
e are h-curves in X and b, d and / are p-curves in X. To prove the lemma, it is 
enough to show that H is the only hexagon in C S (X) containing a, b, c and d. 

Choose representatives A, . . . , F of a, . . . , f, respectively, such that any two of 
them intersect minimally. We can then find essential simple arcs Ib, Id and If in 
X such that 

• for each G £ {B, D, F}, Iq is contained in the pair of pants cut off by G 
from X and connects two distinct components of 8X; 

• Ib, Id an d If are pairwise disjoint; and 

• each of A n Id, C Dip and E n Ib consists of exactly two points. 

Label components of 8X as 8\, 82 and 83 so that Is connects 8\ and 82 and Id 
connects 8\ and 93. Let R denote the component of Xa homeomorphic to 6*0,4, and 
let 84 denote the component of 8R corresponding to A. The intersection Id H R 
then consists of an arc connecting 8\ with 84 and an arc connecting ^3 with 84 . If 
we cut R along Ib and Id H R, then we obtain a disk K such that each of 82 and 
83 corresponds to a single arc in 8K. It follows that up to isotopy, there exists at 
most one simple arc in X connecting 82 with 83, meeting 8X only at its end points, 
and disjoint from A, Ib and Id- 

We proved that any hexagon in C S (X) containing a, b, c and d contains /. The 
lemma follows because e is the only separating curve in X disjoint from d and /. □ 

Proof of Lemma \4-3\ Let II and fi be hexagons in T(S) of type 1 such that II n 51 
contains a 3-path. Let (a,b,c,d,e, f) be a 6-tuple defining LI with b and / BP- 
vertices. We define a as the curve contained in b and /. The number of BP-vertices 
in II (~l il is either one or two. If II n £1 has two BP-vertices, then both II and 57 are 
hexagons in X a (C s (S a )), where A Q : C s (S a ) — > T(S) is the simplicial map defined 
right after Theorem 14.11 The equality LI = SI holds by Lemma 14.41 

Assuming that LI n O contains only one BP- vertex, we deduce a contradiction. 
Without loss of generality, we may assume that b is contained in n n ft. It then 
follows that c and d are also contained in II n 51. Since a is determined as the 
curve in b disjoint from d, the two BPs in 57 share a. Both LI and 57 are hexagons 
in X a (C s (S a )), and the equality n — 57 holds by Lemma 14.41 This contradicts our 
assumption. □ 

5. Hexagons of type 2 

Throughout this section, we set S = $2,1 • We say that a hexagon in T(S) is 
of type 2 if it is defined by a 6-tuple (v±, . . . ,V§) such that V2, V3, v§ and vq are 
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Figure 2. 

h-vertices and v% and V4 are BP-vertices. We construct a hexagon of type 2 by 
gluing two pentagons in the Torelli complex of 61,3. 

Let Q be a simplicial complex. We mean by a pentagon in Q the full subcomplex 
of Q spanned by five vertices v%, . . . , V5 such that for any j mod 5, Vj and Vj+x are 
adjacent, and Vj and Vj+2 are not adjacent. In this case, we say that the pentagon 
is defined by the 5-tuple (vi, ... ,1)5). 

Fix a non-separating curve S in S, and let X be the surface obtained by cutting 
S along <5, which is homeomorphic to Si^. Let d\ and c?| denote the two boundary 
components of X corresponding to S. We have the pentagon in T(X) defined by 
the 5-tuple (a,b,c,d,z) described in Figure [2] (a), where we put a = {ao,ai} and 
z = {«o,C}- 

Fix a non-zero integer to, and put b' = t™(6) and d — t" l (c). We then have the 
hexagon II in T{S) defined by the 6-tuple (a, b, c, {5, d}, d, 6'), where a and {5, d} are 
BPs in S, and b, c, d and b' are h-curves in S (see Figure^ (b)). Note that z is not 
a vertex of T{S). Let n be a non-zero integer distinct from to, and put b" = <"(&) 
and c" = t"(c). The hexagon in T(S) defined by the 6-tuple (a,b,c,{6,d},d',b") 
is distinct from IT and shares a 3-path with II. This property is in contrast with 
Lemma [4731 on hexagons of type 1. 

The aim of this section is to show that any hexagon in T{S) of type 2 can be 
obtained through this construction, and to describe the number of hexagons sharing 
a 3-path with a given hexagon of type 1 or type 2. Uniqueness of the pentagon in 
T(Si,3) described in Figured] (a) is proved in the following: 

Lemma 5.1. We set X = Si^. Then the following assertions hold: 

(i) Any pentagon in T{X) having exactly two BP-vertices is defined by a 5- 
tuple (vi, . . . , U5) with V\ and W5 BP-vertices, V2 and V4 p-vertices, and U3 
an h- vertex. 

(ii) Any two pentagons in T(X) having exactly two BP-vertices are sent to 
each other by an element of Mod(X). 

To prove this lemma, we need uniqueness of pentagons in the one-dimensional 
complex C(5o.5). 

Lemma 5.2. We set T = So, 5- Then for any two 5-tuples (u±, . . . , U5), (v%, . . . , U5) 
defining pentagons in C(T), there exists an element g of Mod(T) with g(v,j) = Vj 
for any j = 1, ...,5. 
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Proof. As noticed right before the proof of Lemma 14. 4[ there is a one-to-one cor- 
respondence between isotopy classes of curves in T and isotopy classes of essential 
simple arcs in T connecting two distinct components of 8T. Let (ttx, . . . , U5) be a 
5-tuple defining a pentagon in C(T). For each j = 1, . . . , 5, let lj be an essential 
simple arc in T corresponding to Uj. By Theorem 3.2 in [14] or Lemma 4.2 in |15) . 
for any j mod 5, lj and lj+2 can be isotoped so that they are disjoint, and exactly 
one component of 8T, denoted by dj, contains a point of 81 j and a point of dlj+i. 
We therefore may assume that li, . . . , £5 are mutually disjoint. 

We claim that d±, ... ,85 are mutually distinct. For any j mod 5, <9j and dj+i 
are distinct because they are contained in the pairs of pants cut off by the curves 
Uj and Uj'+i, respectively, that are disjoint and distinct. For any j mod 5, dj and 
<9j+2 are distinct because they are contained in the pairs of pants cut off by the 
curves Uj and Wj+4, respectively, that are disjoint and distinct. The claim follows. 

Let (yi, . . . , W5) be a 5-tuple defining a pentagon in C(T). For each j = 1, . . . , 5, 
we choose an essential simple arc Tj in T corresponding to Vj so that r% , . . . , r§ are 
mutually disjoint. Applying an element of Mod(T) to (yi, ■ ■ ■ ,v$), we may assume 
that for any j mod 5, dj contains a point of drj and a point of drj+i. Cutting T 
along Uj_i 1 31 we obtain two disks. The boundary of each of those disks consists 
of arcs contained in 

d\, £1, 84, £4, 82, h, 85, £5, 83, £3, 

along the boundary. The same property holds for the arcs n , . . . , fs . We can thus 
find a homeomorphism of T onto itself sending dj to itself and sending lj to r 3 for 
any j = 1, . . . , 5. The lemma is proved. □ 

Proof of Lemma \5.1[ To prove assertion (i), we use the following properties: 

(1) The link of each BP-vertex in T(X) consists of BP-vertices and p- vertices. 

(2) The link of each p- vertex in T(X) consists of BP-vertices and h-vertices. 

Let P be a pentagon in T(X) with exactly two BP-vertices. If the two BP-vertices 
of P were not adjacent, then property (1) would imply that the other three vertices 
of P are p- vertices. We then have two adjacent p- vertices of P, and this contradicts 
property (2). It follows that the two BP-vertices of P are adjacent. Properties (1) 
and (2) imply assertion (i). 

To prove assertion (ii), we pick two pentagons P, P' in T(X) having exactly 
two BP-vertices. Let (a, b, c, d, e) be a 5-tuple defining P with a and e BP-vertices. 
Let (a' ,b' , c' , d' ,e') be a 5-tuple defining P' with a' and e' BP-vertices. Any two 
distinct and disjoint BPs in X have a common curve in X. Let a be the curve in 
af)e. We define curves a\ and e\ in X so that a = {a, ai} and e = {a, ei}. We may 
assume that a is also the curve in a' D e' after applying an element of PMod(X) to 
P'. We define curves a[ and e[ in X so that a 1 = {a, a[} and e' = {a, e[}. 

Let X Q be the surface obtained by cutting X along a, which is homeomorphic 
to 5o,5. Each of the 5-tuples (oi, b, c, d, ei) and (a' l5 6, c, c£, e^) defines a pentagon in 
C{X a ). By Lemma l5.2| we obtain an element g of Mod(X a ) sending (ai, 6, c, c£, ei) 
to (a' 1; b, c, d, e'jj. The two boundary components of X a corresponding to a lie in the 
pair of pants cut off by c from X a . The equality g(c) = c implies that g preserves 
those two boundary components of X a . Assertion (ii) follows. □ 

We now present several properties of hexagons in T(S) of type 2. Let S denote 
the closed surface obtained by attaching a disk to 8S. Let it: C(S) — > C(S) be the 
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simplicial map associated with the inclusion of S into S. Note that tt sends each 
BP in S to a non-separating curve in S. 

Lemma 5.3. Let (a, 6, c, d, e, /) be a 6-tuple defining a hexagon in T(S) of type 2 
with a and d BP-vertices. Then the equalities 7r(6) = tt(c) and n(e) = 7r(/) hold, 
and 7r(a) and 7r(d) are disjoint and distinct. 

Proof. The first two equalities hold because any of b, c, e and / are h-vertices, b 
and c are adjacent, and e and / are adjacent. Let A, B, C and D be representatives 
of a, 6, c and d, respectively, such that any two of them intersect minimally. We 
identify a curve in S with a curve in 5* through the inclusion of S into S. The BP 
A is contained in the component of Sb containing dS. In the closed surface S, the 
two curves in A can be isotoped into curves in the component of §c that does not 
contain dS because B and C are isotopic in S. Similarly, the BP D is contained in 
the component of Sc containing dS, and in S, the two curves in D can be isotoped 
into curves in the component of Sb that does not contain dS. It turns out that 
7r(a) and 7r(d) lie in distinct components of S^n,). In particular, ir(a) and ir(d) are 
disjoint and distinct. □ 

Lemma 5.4. Let (a, 6, c, d, e, /) 6e a 6-tuple defining a hexagon in T(S) of type 2 
with a and d BP-vertices. Then there exist a curve ao in a and a curve do in d such 
that each of ao and do is disjoint from any of a, . . . , / , and the surface obtained by 
cutting S along ao U do is homeomorphic to Sq^. 

Proof. Choose representatives A, . . . , F of a, . . . , /, respectively, such that any two 
of them intersect minimally. Let R denote the component of Sb homeomorphic to 
S1.2. Since A is a BP in R and is disjoint from F, the intersection F n R consists 
of mutually isotopic, essential simple arcs in R which are non-separating in R. Let 
If be a component of FDR. Since C is an h-curve in R and is disjoint from D, the 
intersection DDR consists of mutually isotopic, essential simple arcs in R which 
are separating in R. Let Ijj be a component of D n R. We find a desired curve ao in 
the following two cases individually: (1) There exists a component of E (~l R which 
is separating in R. (2) There exists no component of E n R that is separating in R. 

In case (1), since E n R is disjoint from DDR, any component of E n R that 
is separating in i? is isotopic to Zd. Let be a component of E fl i? which is 
separating in i?. Since £7 (~l i? is disjoint from FDR, the arc ^ is disjoint from lp- 
As described in Figure [3] (a) , we can find the unique component of A disjoint from 
l° E . Let ao be the isotopy class of that component of A. The curve ao is disjoint 
from any of b, d and /. Since C is a boundary component of a regular neighborhood 
of B U D, the curve ao is disjoint from c. Similarly, ao is disjoint from e. 

In case (2), EnR consists of essential simple arcs in R which are non-separating 
in R. Let S be the closed surface obtained from S by attaching a disk to dS. We 
identify a curve in S with a curve in S through the inclusion of S into S. Let 
R denote the component of Sb containing dS. Since any component of E n R is 
non-separating in R, the two curves B and E intersect minimally even as curves 
in S, by the criterion on minimal intersection in Expose 3, Proposition 10 of [B]. 
Similarly, B and F also intersect minimally even as curves in S. The two curves 
E and F are isotopic in S because they are disjoint h-curves in S. By Expose 3, 
Proposition 12 of [BJ, there exists a homeomorphism of S onto itself isotopic to the 
identity, fixing fl as a set and sending E n R to F n R. Any component of E PI R 
is thus isotopic to If in R. 
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If any component of E PI R were isotopic to If in R, then e and a would be 
disjoint. This is a contradiction. There thus exists a component of E n R which is 
not isotopic to lp in R. Let l\, be such a component of E n R. 

Assuming that there exists no component of E n R isotopic to lp in R, we deduce 
a contradiction. Any component of E H i? is then isotopic to There exists a 
non-separating curve A' in R which is disjoint from lp and EDR and is a boundary 
component of a regular neighborhood of U B in R (see Figure [3] (b)). Note that 
if n and ri are non-separating arcs in R which are disjoint and non-isotopic in R, 
but are isotopic in R, then there exists a homcomorphism of R onto itself sending 
n and T2 to and Zf, respectively. This curve A' is isotopic to a component of 
A. There exists a path in R connecting a point of A' with a point of If without 
touching EDR. This contradicts the following general fact: Let a be a BP in S, 
and let f) and 7 be h-curves in S such that each of {a, /3} and {/?, 7} is an edge of 
T(S). If a curve ao in the BP a is disjoint from 7, then ao lies in the handle cut 
off by 7 from S. In particular, there exists no path in S connecting a point of ao 
with a point of (3 without touching 7. We have therefore proved that there exists 
a component of E n R isotopic to I p in R. 

Let 1% be a component of £7 D -R isotopic to Zf in i?. Cutting R along Z^ U l 2 E , 
we obtain two annuli, one of which contains dS. The arc Id lies in the annulus 
containing dS because Id is disjoint from E fl R (see Figure [3] (c)). We have the 
unique component of A isotopic to a curve lying in another annulus. Let ao be the 
isotopy class of that component of A. The curve ao is disjoint from any of b, d and 
/, and is thus disjoint from any of a, . . . , /. 

We obtained a curve ao in a disjoint from any of a, . . . , / in both cases (1) and 
(2). By symmetry, we can also find a curve do in d disjoint from any of a, . . . , /. 
By Lemma f5.3[ 7r(ao) and 7r(do) lie in distinct components of S„(h)- It turns out 
that ao and do are distinct, and the surface obtained by cutting S along ao U do is 
homeomorphic to So, 5. I— ' 

Let X be a surface. For a BP b in X and a boundary component d of X, we say 
that b cuts off d if b cuts off a pair of pants containing d from X. For two distinct 
boundary components <9i, di of X and a p-curve a in X, we say that a cuts off di 
and c?2 if a cuts off a pair of pants containing d\ and 82 from X. 

Lemma 5.5. Let (a, b, c, d, e, /) 6e a 6-tuple defining a hexagon in T(S) of type 2 
with a and d BP-vertices. Let ao and do be the curves obtained in Lemma \5.4\ Then 
there exists a non-separating curve £ in S satisfying the following three conditions: 
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(a) The curve C is disjoint from a and d and belongs to neither a nor d. 

(b) The pair {ao,C} is a BP in Sd , the surface obtained by cutting S along 
do, which is homeomorphic to S\$. The BP {ao, £} cuts off one of the two 
boundary components of Sd corresponding to do . 

(c) The condition obtained by exchanging ao with do in condition (b) holds. 

Moreover, such a curve Q uniquely exists up to isotopy. 

Let II be a hexagon in T(S) of type 2, and let (a, b, c, d, e, /) be a 6-tuple defining 
EE with a and d BP-vertices. We denote by C(n) the curve ( obtained by applying 
Lemma [5.51 to IT. Note that the 5-tuple (a, b, c, di, {ao, C}) defines a pentagon in 
T(Sdo), where d\ denotes the curve in d distinct from do- 

Proof of Lemma \5.5\ Choose representatives A, . . . , F of a, . . . , /, respectively, such 
that any two of them intersect minimally. Let ^4o and A\ denote the two components 
of A so that the isotopy class of is ao. Let Do and D\ denote the two components 
of D so that the isotopy class of Do is do. We define T as the surface obtained 
by cutting S along Ao U Do, which is homeomorphic to So, 5- We label boundary 
components of T as d, d\, d 2 , d\ and d 2 d so that d corresponds to OS, d a and d 2 
correspond to Ao, and d\ and d 2 correspond to Do- Without loss of generality, we 
may assume that A\ is a p-curve in T cutting off d and d\. Each of B and F is a 
p-curve in T cutting off d\ and d^. Similarly, each of C and E is a p-curve in T 
cutting off d\ and d\ . 

Let R be the component of Ta x homeomorphic to 5o,4. The surface R contains 
d\, d\ and d\. For each essential simple arc I in R whose boundary is contained in 
A\ and each dj £ {9i,d^,d^}, we say that I cuts off d 1 - if dj lies in the annulus cut 
off by / from R. Since B is a curve in R and is disjoint from C , the intersection C'HR 
consists of mutually isotopic, essential simple arcs in R cutting off d\. Similarly, 
since F is a curve in R and is disjoint from E, the intersection E n R consists of 
mutually isotopic, essential simple arcs in R cutting off d\. Pick a component Iq 
of C n R and a component Ie of E fl R. 

Claim 5.6. The two arcs lc and Ie are non-isotopic and cannot be isotoped so that 
they are disjoint. 

Proof. The former assertion holds because otherwise B and F would be isotopic. 
The latter assertion holds because lc and Ie are non-isotopic and because both lc 
and Ie cut off d\. □ 

Claim 5.7. The intersection DiCiR consists of mutually isotopic, essential simple 
arcs in R. 

Proof. Assuming the contrary, we deduce a contradiction. Any family of essential 
simple arcs in R which are mutually disjoint and non-isotopic has at most three 
elements. If D\ n R had three components which are mutually non-isotopic, then 
lc and Ie would be isotopic because lc and Ie are disjoint from D\ n R. This 
contradicts Claim 15.61 We thus assume that D\V\R contains exactly two essential 
simple arcs in R up to isotopy. Let l l D and l 2 D be components of D\ n R which are 
non-isotopic. 

If cither lj-> or l 2 D cut off d\, then lc and Ie would be isotopic to that arc. This 
also contradicts Claim 15761 It follows that one of l x D and l 2 ^ cuts off d\ and another 
cuts off d\. Without loss of generality, we may assume that l x D cuts off d\, and 
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Zfj cuts off d%. Claim HTBl implies that lc and Ie are described as in Figure [4] For 
each k = 1,2, there exists a path in i? connecting a point of 95 with a point of Z|j 
without touching neither C P\ R nor E R. 

The curve Di is a p-curve in T cutting off 9 and one of d\ and 9^. Suppose that 
Di cuts off 9 and d\. We define J7 as the surface obtained from T by attaching 
a disk to 9^. The two curves C and D\ are isotopic in U because C and £>i are 
disjoint and the pair of pants cut off from T by each of them does not contain d\. 
Similarly, D\ and E are also isotopic in U. It turns out that C and E are isotopic 
in U . On the other hand, C and E intersect minimally as curves in T, and C E 
is non-empty. By Expose 3, Proposition 10 in [6], there exist a subarc in C and a 
subarc in E whose union is a simple closed curve in T isotopic to d\. The curve 
D\ cuts off 9 and d\ and is disjoint from C and E. Any path in T connecting a 
point of d\ with a point of D\ therefore intersects either C or E, This contradicts 
the property obtained in the end of the last paragraph. Exchanging d\ and 9j, we 
can deduce a contradiction if we suppose that D\ cuts off 9 and d\ . □ 

By Claim 15. 7i there exists an essential simple closed curve in R disjoint from 
D\ n i?, which is unique up to isotopy. Let £ denote the isotopy class of that curve. 
This is a desired one. In fact, condition (a) holds by definition. Claim [5751 implies 
that any component of D\ n R cuts off either d\ or d\. The curve £ is therefore a 
p-curve in R cutting off d\ and one of d\ and d 2 d . Conditions (b) and (c) follow. 
The uniqueness of £ holds because there exists at most one curve in T disjoint from 
the two curves a\ and d\ that intersect. □ 

In the proof of the subsequent two theorems, we use the following: 

Graph T. Let R be a surface homeomorphic to So,4- We define a simplicial graph 
J- = J-(R) so that the set of vertices of F is V(R), and two vertices a, (3 of T are 
connected by an edge of T if and only if i(a, (3) = 2. 

It is well known that this graph is isomorphic to the Farey graph realized as an 
ideal triangulation of the Poincare disk (see Section 3.2 in [15] or Figure [5] (a)). We 
mean by a triangle in J 7 a subgraph of T consisting of exactly three vertices and 
exactly three edges. Note that for any two ordered-triples of vertices in F defining 
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triangles in there exists a unique simplicial automorphism of T sending the first 
triple to the second one. 

The following theorem characterizes hexagons in TiS) of type 2. 

Theorem 5.8. Let H be a hexagon in T(S) of type 2, and let (a, b, c, d, e, /) be a 
6-tuple defining II with a and d BP-vertices. Put £ = C(H). Then there exists a 
unique non-zero integer m with f — and e = t™(c). 

Proof. Let oq and do be the curves in the BPs a and d, respectively, obtained in 
Lcmma [5.4l The surface Sd is homeomorphic to 6*1,3. hi Sd , the curve in d distinct 
from do, denoted by d\ , is a p-curve, b is a p-curve, c is an h-curve, and a and {do, C} 
are BPs. The 5-tuple (a, b, c, d\, {ao, C}) defines a pentagon in T(Sd ). Similarly, 
the 5-tuple (a, /, e, di,{ao,C}) also defines a pentagon in T(Sd ) such that in Sd , 
e is an h-curve and / is a p-curve. Cut Sd along a. The obtained surface consists 
of a pair of pants and a surface homeomorphic to £0,4- Let R denote the latter 
component. 

Let d\ and <9j denote the two boundary components of R corresponding to do- 
The curves b and / lie in R and cut off d\ and d\. The curve £ cuts off a pair of 
pants from R containing exactly one of and <9j. By Lemma [5.11 (ii), we have 
*(C> b) = *(Cj /) — 2- Looking at the action of the Dehn twist t^ on the graph J-~(R), 
we see that t^ acts on the link of £ in freely. Moreover, t^ transitively acts 

on the set of all vertices in the link of C that correspond to curves in R cutting off 
d\ and d\. It follows that there exists a unique integer m with t™(6) = f. Since b 
and / are distinct, the integer m is non-zero. 

The 6-tuple (a, b, c, d, t™(c), t™(b)) defines a hexagon in T(S), as observed in the 
beginning of this section. There exists at most one h-curve in S disjoint from the 
BP d and the h-curve t™(b) — f. We therefore have i™(c) = e. □ 

Theorem 5.9. Let II be a hexagon in T(S) of type 2, and let (a, 6, c, d, e, /) be a 
6-tuple defining II with a and d BP-vertices. Put £ = C(n)- Then the following 
assertions hold: 

(i) // neither f = t^(b) nor f = t^ 1 ^), then II is the only hexagon in T(S) 
of type 2 containing f , a, b and c. 

(ii) // either f — t^(b) or f — then there exists exactly one hexagon in 
T(S) of type 2 that is distinct from H and contains f , a, b and c. 

Before proving Theorem 15.91 we prepare two lemmas. 

Lemma 5.10. Let II be a hexagon in T{S) of type 2, and let (a,b,c,d,e, /) be a 
6-tuple defining LI with a and d BP-vertices. Let be a hexagon in T(S) of type 2 
containing f, a, b and c. 7/C(n) = C(^)> then LI = fl. 

Proof. Put £ = C(n) = C(^)- By Theorem l5.8[ there exists a unique integer m with 
t™{b) = f an d t™(c) = e. Let (a, 6, c, d', e', /) be the 6-tuple defining fL Applying 
the same theorem to J7, we obtain a unique integer n with = / and t"(c) = e'. 
The equality = t"(b) then holds. We thus have m — n and e = e'. Since at 

most one BP in S disjoint from c and e exists, we have d = d' . □ 

We set R = So, 4. For any edge r of the graph T = J-(R), the complement of 
tU<9t in the geometric realization of J- has exactly two connected components. We 
call those components sides of r. 
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Lemma 5.11. We set R — £0 4 and T = J-(R). Let a and ft be curves in R with 
i(a, P) = 2. We denote by 7 the only curve in R such that each o/{a, /?, 7} and 
{a, /3,t a {'j)} defines a triangle in T. 

Let S be a curve in R with 8 a and i(f3,8) = 2. Let m and n be non-zero 
integers. If the equality t™(/3) — tg([3) holds, then either S — 7 and (m,n) = (— 1, 1) 
or 5 = t a (j) and (to, n) = (1, —1). 

Proof. Realize the graph T geometrically as an ideal triangulation of the Poincare 
disk D. The set dD \ {a, (3, 7, ^(7)} consists of the four connected components L\, 
L 2 , L 3 and L 4 described in Figure [5] (b). For any positive integer j, P a (f3) lies in 
Li. For any negative integer k, t^((3) lies in L3. 

The vertex 5 is in the link of /3 in T and distinct from a. Assuming that 5 is 
equal to neither 7 nor t a ("f), we deduce a contradiction. The vertex S is then lies in 
either L\ or L 2 . We have the two triangles in T containing the edge {f3, 8}. Each 
of those triangles has the edge containing S and distinct from {{3,8}. Let r and a 
denote those edges. If 8 lies in L\, then the interior of r and that of a lie in the 
side of the edge {f3,t a (-y)} containing 8. The argument in the previous paragraph 
shows that for any non-zero integer j, t 3 s (f3) lies in L\. This contradicts the equality 
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i™(/3) = tg(/3). We can deduce a contradiction similarly if we assume that S lies in 
L2- It turns out that S is equal to either 7 or t a (-y). 

We hrst suppose the equality 5 = 7. Let e denote the vertex t~ 1 (f3) = t 7 ([3), 
which lies in L3 and forms a triangle in T together with a and 7. Let L31 and L32 
be the two components of L3 \ {e} so that the closure of L31 contains 7 and that 
of L 32 contains a (see Figured] (c)). For any integer j with j > 1, fiL(/3) lies in 
L31. For any integer fc with k < — 1, i^, (/3) lies in L32. For any negative integer fc, 
i*(/3) lies in L 2 . The equality i™(/3) = t*(/3) therefore implies (m,n) = (-1, 1). If 
we suppose the equality 5 — ^(7) in place of the equality S = 7, then we obtain 
(m,n) = (1, —1) along a similar argument. □ 

We are now ready to prove Theorem 15.91 

Proof of Theorem ] 5. 9\ (i). Let II be a hexagon in T(S) of type 2 defined by a 6- 
tuple (a, 6, c, d, e, /) with a and d BP-vertices. Let Q. be a hexagon in T(S') of type 
2 containing /, o, b and c. Let (a,b,c,d',e',f) be the 6-tuple defining fi. We put 
£ = C(n) and 77 = C(^)- By Theorem 15.81 we have the non-zero integers m, n with 

/ = t^(&) =*»(&), e = tp( c ) and e' = t£(c). 

Applying Lemma 15.41 to II, we obtain the curve eto in a and the curve do in d that 
are disjoint from any of a, . . . , /. In the component of S a homeomorphic to Si^, 
the curve do is the only curve disjoint from b and /. Applying Lemma 15.41 to the 
hexagon Q, which contains a, b and /, we see that do is also contained in the BP 
d' . Let R denote the subsurface of S filled by b and /, which is homeomorphic 
to So 4. Any of b, /, £ and r\ is a curve in R. By Lemmas 15.11 and 15.51 we have 
i(&,C)=i(M) = 2. 

If C and 77 are distinct, then by Lemma \5. Ill the equality t™(b) = t™(b) implies 
that either (m,n) = (1, —1) or (m,n) = (—1, 1). It follows that either / = (b) or 
/ = i ( T 1 (fe). Under the assumption that neither / = t^(b) nor / = holds, we 

therefore have the equality C — V- By Lemma f5. 10t we then have n = f2. Theorem 
15.91 (i) is proved. □ 

Proof of Theorem \5.9\ (ii). Let LI be a hexagon in T(S) of type 2 defined by a 6- 
tuple (a, b, c, d, e, /) with a and d BP-vertices. Put C = C(n). Let clq and do be the 
curves in the BPs a and d, respectively, obtained in Lemma T5. 41 We define curves 
a\ and d\ so that a = {ag, a\} and d = {do, di}. Let i? denote the subsurface of 5 
filled by 6 and /, which is homeomorphic to 6*0,4 because b and / are disjoint from 
a and do- We set T = J-(R). Any of b, f and £ is a curve in i?. By Lemmas 15.11 
and 15.51 the curves do, a±, b, c, d\ and C m Sd are described as in Figure |5] (a) , 
where and denote the two boundary components of Sd corresponding to do- 

We first suppose the equality / = t^(b). We construct a hexagon in T(S) of type 
2 containing /, a, b and c and distinct from n. The assumption / = £f(&) implies 
that there exists a unique curve 77+ in R such that each of the triples {&, £, 77+} and 
{/, C77+} forms a triangle in T. We have the equality / = t^(b) = t~^(b). The 
curve rj + is then determined as in Figure |6](b). We define x\ as the curve described 
in Figure E] (c) , and set x — {do,a;i}. The 5-tuple (a, b, c, x\, {ao, rj+}) defines a 
pentagon in T(Sd ). The 6-tuple (a, b, c, x, t~^(c), f) therefore defines a hexagon in 
T(S) of type 2, denoted by 

Let 17 be a hexagon in T(S') of type 2 containing /, a, 6 and c. Put 77 = C(^)- 
Applying Theorem 15.81 to ft, we have a non-zero integer n with / = t"(6). In the 
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(d) (e) 

Figure 6. 

first paragraph in the proof of Theorem l5.9l (i), we showed that ?/ is also a curve in 
R, and we have i(b,Q = "i(b,f]) — 2- The equality / = tf(6) = t^(b) and Lemma 
15.111 imply that either rj = £ or r\ = 774. and n = — 1 . By Lemma 15.101 we have 
either fl = H or £1 = f2 + . Theorem 15.91 (ii) is therefore proved if / = t^(b). 

We next suppose the equality / = (b). There exists a unique curve r\- in R 
such that each of the triples {b, £, and {/, £, ry_} forms a triangle in T . We have 
the equality / = f ( T 1 (6) = V(6). The 

curve rj_ is then determined as in Figure 
[5] (d). We define a curve yi as in Figure [5] (e), and set y = {do, The 5-tuple 
(a, 6, c, j/i, {ao, ^-}) defines a pentagon in T(Sd )- The 6-tuple (a, b, c, y, (c), /) 
defines a hexagon in T(S) of type 2, denoted by f2_. As in the previous paragraph, 
we can show that if f2 is a hexagon in T(S) of type 2 containing /, a, & and c, then 
either O = II or Q, = □ 

In the rest of this section, we observe hexagons in T(S) sharing a 3-path with a 
given hexagon of type 1 or type 2. Note that a hexagon in T(S) has exactly two 
BP- vertices if and only if it is of either type 1 or type 2. 

Lemma 5.12. Let II be a hexagon in T(S) of type 1, and let (a, b, c, d, e, /) 6e a 
6-tuple defining II n/if/i b and f BP-vertices. Let D, be a hexagon in T(S) such that 
Iln!] contains a 3-path. Then the following assertions hold: 

(i) The hexagon Q contains at least one ofb and f. 

(ii) If il contains exactly one of b and f , then £1 has exactly two BP-vertices. 

(iii) If fl contains both b and f, then the equality il = II holds. 

Proof. Assertion (i) holds because any 3-path in II contains at least one of b and /. 
If Q contains exactly one of b and /, then Q contains two adjacent h- vertices, and 
thus has exactly two BP-vertices by Lemmas 13.11 and 13.31 Assertion (ii) follows. 
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Assuming that fi contains b and /, we prove assertion (iii). Without loss of 
generality, we may assume that II and contain /, a, b and c. Let (a, 6, c, dl , e', /) 
be the 6-tuple defining Q. The vertex e' is an h- vertex because / is a BP- vertex. 
Assuming that d! is a BP-vertex, we deduce a contradiction. Let a be the curve 
contained in b and /. 

Choose representatives A, . . . , F, D' and E' of a, . . . , f, d! and e', respectively, 
such that any two of them intersect minimally. Let o denote the component of F 
whose isotopy class is a. Let R denote the component of Sc that is not a handle. 
Note that a is a curve in R. Since D' is a BP in R, the intersection E' P\R consists 
of mutually isotopic, essential simple arcs in R which are non-separating in R. It 
follows from E' n F = that E' fl R is disjoint from a. Since the two components 
of D' arc boundary components of a regular neighborhood of [E' fl R) U C in R, 
one of components of D' is isotopic to a. It turns out that d! contains a. 

We define curves b\, d[ and /i so that 

b= {a, 61}, d' = {a,di} and / = {a,/i}. 

The 6-tuple (a, b\, c, df^ , e, /1) then defines a hexagon in C s (S a ) such that each of 
the curves 61 , c?^ and /1 in S a cuts off a pair of pants containing dS from S a . This 
contradicts Theorem 14.11 We proved that d! is an h- vertex. It follows that il is of 
type 1. By Lemma |4.3[ we have fl = II. □ 

Finally, we obtain the following: 

Theorem 5.13. Let H be a hexagon in T(S). Then the following assertions hold: 

(i) If H is of type 1, then for any 3-path K in n containing the two BP-vertices 
of U, there exists no hexagon in T(S) distinct from II and containing K . 

(ii) If II is of type 2, then for any 3-path L in H containing exactly one BP- 
vertex of II, there exist at most two hexagons in T(S) distinct from n and 
containing L. 

Proof. Assertion (i) follows from Lemma [5.121 (iii). Suppose that n is of type 2, 
and pick a 3-path L in n containing exactly one BP-vertex of n. By Lemmas 13.11 
and !3.3[ any hexagon in T(S) has at least two BP-vertices. Any hexagon in T(S) 
containing L is thus of either type 1 or type 2 because L contains two adjacent 
h- vertices. By Lemma [4~3| the number of hexagons in T(S) of type 1 containing L 
is at most one. By Theorem l5.9[ the number of hexagons in T(S) of type 2 distinct 
from II and containing L is at most one. Assertion (ii) is therefore proved. □ 

Remark 5.14. In addition to Theorem 15.131 we have the following description of 
the number of hexagons sharing a 3-path with a given hexagon of type 1 or type 2, 
whose proof is not presented here because it is not used in the rest of the paper. 

Let II be a hexagon in T(S) defined by a 5-tuple (a, b, c, d, e, /). Assume that n 
is of type 1 with b and / BP-vertices. Let if be a 3-path in n containing exactly one 
of b and /. If K does not contain a, then n is the only hexagon in T(S) containing 
K by Lemma [4731 If K contains a, then any hexagon in T(S) distinct from n and 
containing K is of type 2 by Lemmas 14.31 and 15.121 and there exist exactly two 
hexagons in T{S) of type 2 containing K. 

Assume that n is of type 2 with a and d BP-vertices. Let £ denote the curve ((H) 
obtained in Lemma 15.51 Let L be a 3-path in n. Any hexagon in T(S) containing 
L is either of type 1 or type 2 because L contains two adjacent h-vertices. We first 
suppose that L contains exactly one of a and d. If either / = if (6) or / = t7 1 (6), 



20 



YOSHIKATA KIDA AND SAEKO YAMAGATA 




Figure 7. 



then there exist exactly two hexagons in T(S) distinct from II and containing L, 
one of which is of type 1 and another of which is of type 2. If neither / = t^(b) nor 
/ = then II is the only hexagon in T(S) containing L. Finally, we suppose 

that L contains a and d. In the fourth paragraph of this section, we have observed 
that there are infinitely many hexagons in T(S) of type 2 containing L. 

6. Hexagons of type 3 

Throughout this section, we set S — S2,i- We say that a hexagon in T{S) is 
of type 3 if it contains exactly three BP-vertices. In this section, we focus on the 
hexagons of type 3 described in Figure[7Jand present their property that no hexagon 
of type 1 or type 2 satisfies. 

We note that there is a one-to-one correspondence between elements of Vb p (S) 
and elements of V a (S) whose representatives are non-separating in S. In fact, each 
BP b in S associates an essential simple arc in S contained in the pair of pants 
cut off by b from 5 1 , which is non-separating in S and is uniquely determined up 
to isotopy. Conversely, given an essential simple arc I in S which is non-separating 
in S, one obtains the BP in S whose curves are boundary components of a regular 
neighborhood of I U dS in S. 

In Figure [7J in place of BPs, we describe essential simple arcs corresponding to 
them. This replacement makes the description much plainer. We define a, c and e as 
the h-curves in S in Figure [71 and define 6, d and / as the BPs in S corresponding 
to the arcs described in Figure [7J Let 6 denote the hexagon in T(S) of type 3 
defined by the 6-tuple (a, b, c, d, e, /). Let a, /3 and 7 be the non-separating curves 
in Figure [51 The curve a is disjoint from a and d, the curve (3 is disjoint from b 
and e, and the curve 7 is disjoint from c and /. The following lemma is in contrast 
with Theorem 15 . 1 31 on hexagons of type 1 and type 2. 
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Figure 8. 



Proposition 6.1. For any 3-path L in Q, there exist infinitely many hexagons in 
T{S) containing L. 

Before proving this proposition, we show the following: 

Lemma 6.2. Letvi, v$ andv§ be h-vertices ofT(S), andvi, V4 andv 6 BP-vertices 
of T(S) such that 

• for any j mod 6, Vj and Uy+i are adjacent, for any k = 1,2, Vk and Vk+2 
are distinct and not adjacent, and v\ and V4 are not adjacent; and 

• we have v§ ^ Vi ■ 

Then the 6-tuple (vi, . . . ,Vq) defines a hexagon in 7~{S). 

Proof. The assumption vq ^ V2 implies that vq and vi intersect. Since v\ is disjoint 
from vq, but intersects V4,, the BPs vq and V4 are distinct, and thus intersect. In 
general, for any two distinct h-curves x, y in S, there exists at most one BP in S 
disjoint from x and y if it exists. If vq and V3 were disjoint, then the two BPs vq 
and V2 would be disjoint from the two distinct h-curves v\ and V3. This contradicts 
^6 7^ i>2- It follows that vq and V3 intersect. 

Since vq is disjoint from U5, but intersects V3, the h-curves v§ and V3 are distinct. 
The curves 1)5 and V3 intersect because they are disjoint from the BP uj. Since 
V4 is disjoint from U5, but intersects v±, the h-curves v$ and V\ are distinct. The 
curves W5 and v\ intersect because they are disjoint from the BP vq. If v§ and vi 
were disjoint, then the two BPs vq and vi would be disjoint from the two distinct 
h-curves v\ and v%. As noted in the previous paragraph, this contradicts ^ U2- 
It follows that i>5 and V2 intersect. □ 

Proof of Proposition \6.1i We prove the proposition in the case where L consists of 
a, 6, c and d. The proof of the other cases are obtained along a verbatim argument 
after exchanging symbols appropriately. We show that for all but one of integers 
n, the 6-tuple (a, b, c, d, t™(e), defines a hexagon in T{S). For any integer n, 

the pair {t™(e), is an edge of T(S). Since a is disjoint from a and d, we have 

t%(a) = a andt"(<i) = d. Each of {d, i£(e)} and {<£(/), a} is thus an edge of T(S). 
To prove the proposition, it suffices to show the following three assertions: 

(1) If an integer m satisfies = b, then we have t™(f) ^ b for any integer 
n with n ^ m. 

(2) For any integer n with £"(/) 7^ b, the 6-tuple (a, b, c, d, t™(e) , t£(/)) defines 
a hexagon in T(S). 

(3) For any integers ni, n2 with m ^ n 2 , we have ^(f) ^ f^{f). 



22 



YOSHIKATA KIDA AND SAEKO YAMAGATA 




a 5 



Figure 9. 

Assertions (1) and (3) hold because a and / intersect. Applying Lemma \6 . 2 1 when 
(vi, ... ,vq) = (a, b, c, d, i2( e )> ^a(/))j we obtain assertion (2). □ 

The following lemma will be used in Section [7J 

Lemma 6.3. Let be the hexagon in T(S) described in Figure^ For any two 
vertices u, v ofT(S), there exists a sequence of hexagons in T(S), III , II2, • ■ • ,n„, 
satisfying the following three conditions: 

• For each k — 1, . . . ,n, there exists 7 £ Mod(S') with Ilk = 7(0)- 

• We have u £ LTi and v £ H n . 

• For each k = 1, . . . , n — X, the intersection 11^ l~l Tlk+i contains a 2-path. 

Proof. Pick two vertices u, v of T(S). To prove the lemma, we may assume that u 
is a vertex of 0. For each j = 1, . . . , 5, let tj denote the Dehn twist about the curve 
a, described in Figure E We set T= {tf 1 , . . . , tf 1 }. The group Mod(S) is known 
to be generated by elements of T (see [7]). Since Mod(5) transitively acts on V S (S) 
and on Vb p (S), we can find an element h of Mod(5) with v £ {h(a),h(b)}, where 
a and b are the h- vertex and the BP-vertex of 0, respectively, described in Figure 
[7] Write ft as a product h = h% ■ ■ ■ h n so that hj £ T for any j. For any r £ T, the 
intersection r(0) fl contains a 2-path. The sequence of hexagons in T(S), 

0, hi(@), hihz(<d), h 1 ---h n (G) = h(e), 

is thus a desired one. □ 

7. Construction of an automorphism of the complex of curves 

Throughout this section, we set S — S^i- For any superinjective map cp from 
T{S) into itself, we construct an automorphism of C(S) inducing tf>. 

7.1. Surjectivity of a superinjective map. In this subsection, we show that 
any superinjective map from 1~(S) into itself preserves h-vertices and BP-vertices 
of T{S), respectively, and is surjective. 

Lemma 7.1. Let be the hexagon in T(S) in Figure^ Then for any superinjective 
map 4>: T{S) — > T(5 I ) and any 7 £ Mod(5), the hexagon 0(7(0)) in T(S) is of 
type 3. 
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Proof. Pick 7 £ Mod(S'). The same property as that in Proposition 16. II is satisfied 
by the hexagon 7(6), and hence by the image 0(7(8)) because is injective. By 
Theorem 15. 13[ the hexagon 0(7(8)) is of neither type 1 nor type 2, and is thus of 
type 3. □ 

Lemma 7.2. Any superinjective map from T(S) into itself preserves h-vertices and 
BP-vertices ofT(S), respectively. 

Proof. Let 0: T(S) — > T{S) be a superinjective map. Assuming that there exists 
an h-vertex u of T(S) with 0(it) a BP-vertex, we deduce a contradiction. Pick a 
vertex v of T(S). By Lemma 16.31 there exists a sequence of hexagons in T(S), 
III , II2 , . . . , n n , such that 

• any EL is of the form 7(8) for some 7 6 Mod(S'); 

• we have u £ Hi and v £ H n ; and 

• the intersection Hk H LEfc+i contains a 2-path for any k — 1, . . . , n — 1. 

We note that for any k = l,...,n, the hexagon 0(11^) is of type 3 by Lemma [7.11 
and that any edge of a hexagon in T(S) of type 3 consists of an h-vertex and a 
BP-vertex. 8ur assumption implies that sends h-vertices of Hi to BP-vertices of 
0(IIi), and sends BP-vertices of Hi to h-vertices of 0(11!). Since n/ c nn/ i . +1 contains 
a 2-path for any k = 1, . . . , n — 1, we inductively see that for any k = 1, . . . , n, 
sends h-vertices of to BP-vertices of 0(IIfc), and sends BP-vertices of to 
h-vertices of 0(IIfc). It follows that <j>(v) is a BP-vertex if v is an h-vertex and that 
(j)(y) is an h-vertex if v is a BP-vertex. 

We have shown that sends each h-vertex to a BP-vertex, and sends each BP- 
vertex to an h-vertex. It thus follows that sends a hexagon of type 1 to a hexagon 
containing four BP-vertices. This is a contradiction because T{S) contains no edge 
consisting of two BP-vertices. 

We can also deduce a contradiction along a verbatim argument if we assume that 
there exists a BP-vertex u of T(S) with 0(it) an h-vertex. □ 

We set Y = Si^- To prove surjectivity of a superinjective map from T(S) into 
itself, we recall the following simplicial complexes associated to Y. 

Complex A(Y). We define A{Y) to be the abstract simplicial complex such that 
the set of vertices of A(Y) is V a {Y), and a non-empty finite subset a of V a (Y) is 
a simplex of A(Y) if and only if there exist mutually disjoint representatives of 
elements of a. 

Complex V{Y). We define T>(Y) to be the full subcomplcx of A(Y) spanned by all 
vertices that correspond to essential simple arcs in Y connecting the two boundary 
components of Y. 

Remark 7.3. Let us describe simplices ofD(Y) of maximal dimension. We denote by 
Yq the surface obtained from Y by shrinking each component of dY to a point. Let 
P = {xi,x 2 } denote the set of the two points of Y into which components of dY are 
shrunken. The natural map from Y onto Yq induces the bijection from V a (Y) onto 
the set of isotopy classes of ideal arcs in the punctured surface (Y , P) . It turns out 
that a simplex of A(Y) of maximal dimension corresponds to an ideal triangulation 
of (lo, P) and that a simplex of 2?(Y) of maximal dimension corresponds to an ideal 
squaring of (Yq,P) defined as follows. We mean by an ideal squaring of (Yq,P) a 
cell division 8 of Yg such that 
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• the set of 0-cells of S is P; 

• each 1-cell of 5 is an ideal arc in (Yq,P) connecting x\ and X2', and 

• each 2-cell of 8 is a square, that is, it is obtained by attaching a Euclidean 
square r to the 1-skeleton of 6, mapping each vertex of r to a 0-cell of 5, 
and each edge of r to a 1-cell of 5. 

By argument on the Euler characteristic of Y , for each ideal squaring 5 of (Y , P), 
the numbers of 1-cells and 2-cells of 5 are equal to four and two, respectively. 

We will use the following: 

Proposition 7.4. We set Y — Si^- Then any injective simplicial map from T>{Y) 
into itself is surjective. 

This proposition follows from Proposition 3.1 in |13) and Lemma 3.2 in |13j . For 
a vertex v of T(S), we denote by Lk(v) the link of v in T(S). 

Lemma 7.5. Let b be a BP-vertex ofT(S) and 4>: T{S) — > T(S) a superinjective 
map. Then the equality 0(Lk(6)) = Lk(<^(6)) holds. 

Proof. We may assume <f>{b) — b. Let Y denote the component of Sb homeomorphic 
to Si t 2- As noted right after Lemma 14.41 there is a one-to-one correspondence 
between elements of V S (Y) and elements of V a (Y) whose representatives connect 
the two components of BY. For a £ V S (Y), we denote by l a the element of V a (Y) 
corresponding to a. For any two distinct vertices a, f3 £ V S (Y), there is a hexagon 
in T(S) of type 1 containing b, a and /? if and only if l a and lp are disjoint. The 
map <f> induces an injective simplicial map from T>(Y) into itself because <f> preserves 
hexagons in T(S) of type 1 by Lemma 1721 Proposition 17.41 implies the equality in 
the lemma. □ 

Lemma 7.6. Let a be an h-vertex ofT(S) and (f>: T(S) — > T(S) a superinjective 
map. Then the equality (/>(Lk(a)) = Lk(0(a)) holds. 

Proof. We may assume 4>{a) = a. Let Y denote the component of S a homeomorphic 
to <Si,2- Note that V S (Y) and Vbp(Y) are naturally identified with sets of vertices of 
Lk(a). The same argument as in the proof of Lemma 17.51 shows that <f> induces an 
injective simplicial map <j>: T>(Y) — > D(Y), which is surjective by Proposition 17.41 
It follows that (j> sends V S (Y) onto itself. 

We now prove that <fi sends Vb p (Y) onto itself. As noted in the second paragraph 
of Section El there is a one-to-one correspondence between elements of Vb p (Y) and 
elements of V a (Y) whose representatives are non-separating in Y and connect two 
points in the component of dY corresponding to OS. For b £ Vb p (Y), we denote 
by lb the element of V a (Y) corresponding to b. We use the same symbol as in the 
proof of Lemma [731 Namely, for a £ V S (Y), we denote by l a the element of V a (Y) 
corresponding to a. For any b £ Vb p (Y) and a £ V S (Y), there exists a hexagon in 
T{S) of type 1 containing a, b and a if and only if lb and l a are disjoint. 

Pick a simplex a of T>(Y) of maximal dimension. Let Yo denote the surface 
obtained from Y by shrinking each component of dY to a point. Let P denote the 
set of points of Yq into which components of dY are shrunken. We then obtain the 
punctured surface (Yo, P). Let po denote the point of P into which OS is shrunken. 
As discussed in Remark 17. 3[ we have the ideal squaring of (Y"o , P) corresponding 
to a, and the set of whose 2-cells consists of two squares. By Lemma [2.2[ up to 
isotopy, there exist exactly two ideal arcs in (Yo,-P) disjoint from any ideal arc 
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corresponding to an element of a and both of whose end points are po. We define 
L(a) as the subset of V a (Y) consisting of the two elements that correspond to those 
ideal arcs. Any arc in L(a) is non-separating in Y because for any essential simple 
arc / in Y that is separating in Y, a vertex of T)(Y) whose representative is disjoint 
from I uniquely exists and because we have \o~\ = 4. 

The claim in the end of the second paragraph of the proof and injectivity of <f> 
imply that for any simplex a of T)(Y) of maximal dimension, the map induces 
a bijection from L(a) onto L(<fi(<j)). For any b 6 Vb p (Y), there exists a simplex of 
D{Y) of maximal dimension any of whose arcs is disjoint from If,. Surjectivity of 
the map 4>: T>(Y) — > T>(Y) therefore implies that 4> sends Vb p (Y) onto itself. □ 

The last two lemmas and connectivity of T(S) imply the following: 

Theorem 7.7. Any superinjective map from T(S) into itself is surjective and is 
thus an automorphism of T(S) . 

7.2. Construction of a map from V(S) into itself. Let <fi be an automorphism 
of T(S). We define a map $ : V(S) -> V(S) as follows. Pick an element a of V(S). 
If a is separating in S, then we set $(a) = cj>(a). If a is non-separating in S, then 
pick a hexagon II in T(S) of type 1 such that a is contained in the two BP-vertices 
of II, and define $(a) to be the non-separating curve in S contained in the two 
BP-vertices of the hexagon 0(11) of type 1. 

We will prove that $ is well-defined as a consequence of Lemma 17.91 To prove 
it, let us introduce the following: 

Graph £ . We define £ to be the simplicial graph so that the set of vertices of £ 
is Vbp(S), and two distinct vertices u, v of £ are connected by an edge of £ if and 
only if there exists a hexagon in T(S) of type 1 containing u and v. 

We mean by a square in £ the full subgraph of £ spanned by exactly four vertices 
v\,...,Vi such that for any k mod 4, Vk and Vk+i are adjacent, and Vk and Vk+ 2 
are not adjacent. In this case, let us say that the square is defined by the 4-tuple 
(vi, . . .,v 4 )- 

Lemma 7.8. Let (vi, . . . , 1)4) be a 4-tuple defining a square in £ . Then there exists 
a non- separating curve a in S with a £ Vk for any k = 1, . . . , 4. 

Proof. Note that the BPs in S corresponding to any two adjacent vertices of £ share 
a non-separating curve in S. For each k mod 4, let (3% denote the non-separating 
curve in S contained in Vk and v^+i- Without loss of generality, it suffices to deduce 
a contradiction under the assumption /?i 7^ /?2- 

Let S denote the closed surface obtained from S by attaching a disk to dS, and 
let 7r: C(S) — > C(S) be the simplicial map associated with the inclusion of S into 
S. Since 7r sends the two curves in each BP in S to the same curve in S, all curves 
in the BPs v±, . . . ,1)4 are sent to the same curve ao in S. In other words, all curves 
in the BPs vi,...,Vi are in 7r _1 (o;o). Let T denote the full subcomplex of C(S) 
spanned by 7r _1 (ao), which is a tree by Theorem 13. 21 The sequence, /3i, fj%, P3, f3 4 , 
Pi, forms a closed path in T. 

We assume j3-y ^ fii- The equality v 2 — {^1,^2} then holds. We have ^3 ^ (3\ 
and /?4 7^ (i% because W3 ^ 1*2 and v\ ^ v%. Let 7 and 8 denote the curves in S 
with v\ = {Pi, 7} and V3 = {(3%, 6}. Each of 7 and 5 is equal to neither f3± nor /?2 
because V\ 7^ v 2 and V3 ^ v 2 - We have either P4 — 7 or /3 3 = S because v 2 7^ V4. 
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If /?4 = 7, then we have /?3 /?2 and ^ 7 because otherwise the sequence, /3i, 
P2, 7 j Pi, would form a simple closed path in T. It turns out that j3±, P2, P3 and 
/?4 are mutually distinct. This is a contradiction. 

If 03 — 5, then we have 04 7^ /3i and /?4 7^ <5 because otherwise the sequence, /3i, 
/?2, 5, /3i, would form a simple closed path in T. It turns out that j3±, 02, $3 and 
Pi are mutually distinct. This is also a contradiction. □ 

Lemma 7.9. Let be an automorphism ofl~(S). Let a be a non- separating curve 
in S . Pick two hexagons U, fl in T(S) of type 1 such that any BP-vertex ofH and 
contains a. Then the non-separating curve in S contained in the two BP -vertices 
of 4>(Jl) is equal to that of<p(Q). 

Proof. Let a\ and a<i denote the two BP-vertices of IT. Let b\ and 62 denote the 
two BP-vertices of f2. 

Claim 7.10. There exists a sequence of squares in £, Ai,...,A n , satisfying the 
following three conditions: 

• Ai contains a\ and 02, and A n contains b\ and 62. 

• For any k — l,...,n, any vertex of A& contains a. 

• For any k = 1, . . . ,n — 1, the intersection A& n A^+i contains an edge of 
£. 

Proof. Let a±, 012, Pi and be the curves in S with aj — {a, ctj} and bj = {a, (3j} 
for j = 1,2. The curves ot\ and a2 can be described as in Figure [TOl (a), where 
the surface S a obtained by cutting S along a is described. We define 71 , . . . , 74 as 
the curves in S described in Figure [TO] (b). The equality i(ai,7i) = i(o!2,72) = 
then holds. For j = 1, . . . ,4, let tj G Mod(5) denote the Dehn twist about jj. Let 
Mod(S) a denote the stabilizer of a in Mod(S), and define 

q: Mod(S') Q -)• Mod(S Q ) 

as the natural homomorphism. The group PMod(S' Q ) is known to be generated by 
q(ti), . . . , q(t4) (see [7]). By Theorem 14. 11 there exists an element h of PMod(S' Q ) 
with {h(a\), h(ct2)} = /?2}- Write ft as a product h — q(hi) ■ ■ ■ q(h n ) so that 
hj G {tf 1 , . . -^f 1 } for any j. 
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The 4-tuple (01,02, £2(01), £1(02)) defines a square in £ , denoted by A. For any 
w G {tf 1 , ■ ■ ■ , £4 1 }, the intersection A n w(A) contains an edge of £ . The sequence 
of squares in £ , 

A, 01(A), oio 2 (A), h 1 h 2 ---h n (A) = h(A), 
is therefore a desired one. □ 



By the definition of £, the automorphism <fi of T~(S) induces an automorphism of 
£ . If A 1, ... , A„ are the squares in £ chosen in Claim [7TTU1 then </>(Ai), . . . , (j>(A n ) 
are also squares in £ such that 

• <p(Ai) contains ^(ai) and ^(02), and </>(A„) contains <f>(bi) and ^(^2); and 

• for any k — 1, . . . ,n— 1, the intersection (j)(Ak) Ci4>(Ak+i) contains an edge 
of £. 

It follows from Lemma [T781 that for any k = 1, . . . , n, there exists a non-separating 
curve in S contained in any vertex of 4>{Ak)- The above second condition implies 
that this curve does not depend on k. In particular, the curve shared by 4>(a\) and 
4>(fl2) is equal to the curve shared by 4>{b\) and ^(62). □ 

Lemma [7T9l implies that the map $: V(S) — > ^(5) constructed in the beginning 
of this subsection is well-defined. 

Lemma 7.11. Let (j) be an automorphism ofT(S), and let <I>: V(S) — > V(S) be the 
map defined in the beginning of this subsection. Then <f> defines a simplicial map 
from C(S) into itself. 

Proof. Let a and /3 be distinct elements of V(S) with i(a, /3) = 0. We have to show 
i($(a), $(/?)) = 0. If both a and f3 are separating in S, then this equality follows 
from the definition of $ and simpliciality of (j). If a and (3 are non-separating curves 
in S with {a, fi} a BP in S 7 then $(a) and <I>(/3) are curves in the BP (j>{{a, (3}) by 
the definition of <&. The equality i($(a), $(/3)) = thus holds. 

For 7 £ V S (S), we denote by iJ 7 the component of S y that is a handle. If a and 
(3 are non-separating curves in S such that {a, /3} is not a BP in S, then there exist 
7, <5 € KOS) with 7 ^ <5, 1(7, 5) = 0, a G 7(i2" 7 ) and f3 G V(-ff 5 )- We can then find 
two hexagons II, fl in T(S') of type 1 such that 

• the two BP-vertices of II contain a, and those of contain f3; and 

• both LT and f2 contain the h-vertices 7 and S. 

By the definition of <f>, we have $(a) G V^iJ^)) and <5>(f3) G V^i/^)). Since we 
have 0(7) 7^ 0(<5) and i(<j>("t) , cj)(S)) = 0, the equality i($(a), $(/?)) = holds. 

If a is non-separating in S and /3 is separating in S, then one can find two 
distinct BPs 01, 02 in 5 containing a and a hexagon LI in T(S') of type 1 such that 
LI contains 01, 02 and /3 as its vertices. By the definition of $, the curve $(a) is 
disjoint from any curve corresponding to an h- vertex of 4>(Jl). We therefore have 
i($(a),$09)) =0. □ 

Let </> be an automorphism of T(S). We have constructed the simplicial map 
$ : C(S') — » C(5) associated to (j>. The simplicial map from C(S) into itself associated 
to 4>~ l is then the inverse of The map $ is therefore an automorphism of C(S) 
and is induced by an element of Mod*(S') by Theorem 12. II If {a,/3} is a BP in S, 
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then <E>(a) and $(/3) are curves in the BP 4>({a, /3}) by the definition of $ and are 
distinct because <J> is an automorphism of C(S). We thus have the equality 

{$(<*), $(/?)} = 0({a,/3}). 

It follows that is induced by an element of Mod* (5). Combining Theorem 17.71 
we obtain the following: 

Theorem 7.12. Any superinjective map from T{S) into itself is induced by an 
element of Mod* (S). 

Appendix A. The minimal length of simple cycles 

Let Q be a simplicial graph. We mean by a simple cycle in Q a subgraph of Q 
obtained as the image of a simple closed path in Q. A simple cycle in Q is called 
non-trivial if its length is positive. 

Throughout this appendix, we set S = S^i- We aim to show the following: 

Proposition A.l. There exists no non-trivial simple cycle in T(S) of length at 
most 5. 

It turns out that hexagons in T(S) are simple cycles in T(S) of minimal positive 
length. We first prove the following: 

Lemma A. 2. There exists no non-trivial simple cycle in T(S) of length at most 

4- 

Proof. Since 1~{S) is one-dimensional, there exists no simple cycle in T(S) of length 
3. Assume that there are four vertices Vi, . . . , 1)4 of T(S) with i(vj, Vj+i) = and 
i(vj, 7^ for any j mod 4. We can find a\, . . . , a.4 € V(S) such that 

• for any j = 1, ... ,4, we have either ctj = Vj <E V S (S) or Vj € Vbp(S) and 
ctj G Vj) and 

• for any k = 1, 2, we have i(otk, ctk+2) 7^ 0. 

For a surface X, we denote by xPO the Euler characteristic of X. For k = 1,2, we 
define Qk as the subsurface of S filled by ctk and ctk+2- If we have |x(Qfc)| ^ 2, then 
set Rk = Qk- Otherwise, Qk is a handle, and Vk and Vk+2 are BPs in S. The curve 
in Vk distinct from otk, denoted by /3k, intersects the h-curve in S corresponding 
to the boundary of Qk- In this case, we define Rk as the subsurface of S filled by 
the three curves otk, Pk and ctk+n- In both cases, R\ and Ri can be realized so 
that they are disjoint, and we have |x(-Ri)| > 2 and |x(i?2)| > 2. This contradicts 
Ix^)! = 3. The lemma thus follows. □ 

The proof of Proposition [Al] reduces to showing the following: 
Lemma A. 3. There exists no pentagon in T(S). 

Proof. Let S denote the closed surface obtained from S by attaching a disk to dS. 
We have the simplicial maps 

7T : C(S) -)• C(S), 9 : T{S) -> C(S) 

associated with the inclusion of S into S. Note that sends each BP-vertex of 
T(S) to a vertex of C(S) corresponding to a non-separating curve in S and that 
both 7T and send any two adjacent h-vertices to the same h-vertex of C(S). Since 
the fiber of ir over each vertex of C(S) is a tree by Theorem 13. 2\ there exists no 
pentagon in T(S) consisting of only h-vertices. We thus have to show non-existence 
of pentagons in T(S) having one or two BP-vertices. 
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Figure 1 1 . The pair of pants obtained by cutting R along I a 



Claim A. 4. There exists no pentagon in T(S) defined by a 5-tuple (a, b, c, d, e) 
such that a, c and e are h-vertices and b and d are BP-vertices. 

Proof. Assuming that such a 5-tuple (a, b, c, d, e) exists, we deduce a contradiction. 
Choose representatives A, . . . , E of a, . . . , e, respectively, such that any two of them 
intersect minimally. Let R denote the component of Sc that is not a handle. Since 
B is a BP disjoint from A and C, the intersection AnR consists of mutually isotopic, 
essential simple arcs in R which are non-separating in R. Similarly, E n R also 
consists of mutually isotopic, essential simple arcs in R which are non-separating 
in R. Let I a be a component of A n R, and let ^ bea component of E n R. The 
arcs I a and Ie are not isotopic because otherwise the equality b = d would hold. 
Since A and E are disjoint, I a and Ie are also disjoint. 

We first assume that along C, the end points of I a first appear, and those of Ie 
then appear. If we cut R along I a, then Ie is described as in Figure HT1 fa) up to a 
power of the Dehn twist about a component of B. The curve a in Figure [11] (a) is a 
boundary component of a regular neighborhood of Ia U C in S, and is also that of 
Ie U C. It follows that the isotopy class of ci is contained in b and d. The surface S a 
obtained by cutting S along a is homeomorphic to Si. 3. The curve A is an h-curve 
in S a because A is disjoint from the BP B in S. Similarly, E is also an h-curve in 
S a because E is disjoint from the BP D in S. Since A and E are disjoint h-curves 
in S a , they have to be isotopic. This is a contradiction. 

We next assume that along C, the end points of I a and Ie appear alternately. If 
we cut R along I a, then Ie is described as in Figure [TT] (b) up to powers of Dehn 
twists about components of B. We then have i (6(b), 0(d)) = 1. The curves 9(b) 
and 9(d) fill a component of S$t c \. The equality 9(a) = 9(e) holds because a and 
e are adjacent h-vertices. It follows that 9(a) is an h-curve in S disjoint from 9(b) 
and 9(d). We thus have the equality 0(a) = 9(c). On the other hand, A and C are 
curves in the component of Sb that does not contain dS. The equality 0(a) = 9(c) 
implies the equality a = c. This is a contradiction. □ 

Claim A. 5. There exists no pentagon in T(S) defined by a 5-tuple (a,b,c,d,e) 
such that a, c, d and e are h-vertices and b is a BP-vertex. 

Proof. Assume that such a 5-tuple (a, b, c, d, e) exists. We have the equality 9(a) = 
9(e) — 9(d) = 9(c). We can then deduce a contradiction along the argument in the 




□ 
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Claims IA.4I and IA.5I complete the proof of Lemma IA.3I □ 
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